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Scale-free multicomponent growing networks
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We propose a multicomponent growing network model which consists of many types of nodes as well as
links only between the nodes of different types. Such a multicomponent network is construdigdniry-
ducing a new node of one type and immediately linking it to a preexisting node of the other typgi)and
creating a new link between two nodes of different types. We then investigate the connectivity of the multi-
component growing networks by means of the rate equations. For a network system with shifted or asymp-
totically linear connection rate kernels, the degree distributions take scale-free power-law forms, while a
random growing network has exponential degree distributions.

DOI: 10.1103/PhysRevE.69.037101 PACS nunier89.75.Hc, 05.10-a, 05.40-a, 87.23.Ge

In the last few years, complex networks which play anwously,q+2I 1P=1. Here we only consider the model in
important role in many natural and social fields-5] have  which the links among the same type of nodes are forbidden.
attracted considerable interest. In terms of random graph, lm some other situations, it may be more sound that the links
network consists of nodes and links, where the nodes reprdetween two nodes of the same type are also permissive
sent the individuals and the links represent the interactiongl4,15. We believe that our model may mimic some real-
between two different individuals. Most interestingly, many world complex systems such as the above-mentioned human
real-world complex networks are of scale-free degree distrisexual contact web.
butions and small-world propertig§—9]. In particular, re- By employing the standard probabilistic method or gener-
cent researches exhibited that for a wide variety of operting function technique one may readily solve such a grow-
evolving network systems, such as the World Wide Web, théng network model(see, e.g., Refs[1,18]). Additionally,
electrical distribution system, and the biological system, theKrapivsky et al. introduced another simpler but useful rate
degree distributions take a power-law fofif®—16. In order  equation approacH2,13, which can be used to study more
to mimic such networks with complex topology, Baraba general evolving graph systems. Here we also investigate the
and Albert introduced a simple growing netwdf&N) model  evolution properties of the multicomponent GN model by
(well known as the BA modelin which new nodes are con- means of the rate equations. Let the number of Ahéype
tinuously added to the network and meanwhile, they attacimodes withk links beN;, (I=1,2,...L). Then the degree
preferentially to the old nodes that are already well con-distributionN,,(t) evolves according to the rate equation
nected[7]. Some modified versions of the BA model.g.,
by introducing the initial attractiveness and aging of ngdes dN|k .
were also investigated carefullyt1,17. However, most of mzzl
these investigations focused on the single-component net- E E Wf(':m)NIk
works that comprise a sole type of nodes, and only a few =1k
works devoted their efforts to understanding the multicom-

)le 1— WEMN,

ponent network modelgl4—-1§. In fact, for some real net- z z Nmk'[vk 1k/N| 1 ka, le]
work systems there may exist different types of nodes and lsmsL

different component nodes may have distinct properties. For +q

example, in the web of human sexual contddils there are Z E > V(k'k{“ N N

two kinds of individuals, males and females; moreover, the m=1 K’

Sgg;non sexual partners of males are the females, vared s, 1=12,. .. L, 1)

In this work, we shall construct a multicomponent grow- .t the boundary conditiom4(t)=0. HereW(I ™ repre-
ggfnet]\_/éog_k 02 the bas'f]‘ of ;he network mod?Is %ropozed IRents the preferential connection rate at which a newly intro-
et S('j[ sA a.l _isgme tLat t ere a”ﬁ_ types o nto ets, i duced node of typd\, is Imked to a preexistingi.e., old A,
noted asiy (=12, ... )’. In a muiticomponent networ type node withk links andV{:” denotes the connection rate
At each time step, a new link is added to the network in one % 2 new link created betvli/éen an okj type node withk

of the two ways: with probabilityq a new link is created ,
between two already existing nodes of different types, ofinks and an oldA, type node withk” links. It follows from

with probability p; a new node of typed, is added to the the connecltilon restriction of our network model thf*"
network and immediately attached to an already existing=0 and V(k /=0 for all k and k’. In Eq. (1), the term,
node of any other typAn, (I, m=1,2, ... L andm#1). Ob-  puWL PN, 1/ S W ™N,,, on the right-hand side
accounts for the gain in the number of thgtype nodes with
k links due to the process in which a newly introduced node
*Electronic address: kejianhong@yahoo.com.cn of type A, is connected to an old, type node withk—1
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links (I,m=1,2,...L and |I#m); while the term, wherew, andv are independent of time and dependent only
PWEMN, /s s WE™N, L accounts for the loss iy, on the connection rate kernels. Substituting Egs.and (3)
due to the newA,, type node attached to an oij type node  into Eq. (1), we obtain

with k links. The denominatoz|_, 3, W{"™N,, is the ap-

propriate normalization factor. Similarly, the second group of nlk:[V_Vl,k—lnl,k—l_v_vlknlk]+[vl,k—1nl,k—1_vlknlk]

terms accounts for the changes caused by the creation of a

new link between an old, type node wittk— 1 (or k) links TPidk, 1=12,... 1, (4)
and an old node of typ&,,, (m#1). The last term accounts
for the continuous introduction of new nodes. with the shorthand notationd/; =31 - m= (P /W) WL™

Summing up Eq(1) over allk, we obtain the evolution 4 VlkzElsmsLEk'[(zq/v)Vs;m)

i t the total b £ th i f nod & Nmi]. From the recur-
equations ot the tolal humber of the same ype of Nodes;,, formula(4) one then derives the following implicit so-

M§ =3, Ny =p;, which yield the solutionsM{’(t)=pit  |utions of the degree distributions:
+M{§’(0), 1=1,2,... L. Obviously, the total number of

nodes of the same type increases at a fixed rate independent k -1

. . 1
of the connection rate kerneW{"™ andV{,"” . Moreover, nlk:* II|1+=——=] , 1=12,...L.
multiplying Eg. (1) with k and summing them up, one can Wit Vi i=1 Wij + Vi
then find that the first moment of the degree distributions )

M,=3|_,3kN,=2. The solution of the first mo- : : : : :
0beys My =2 2ikNig © solution OFINe TSt M- ¢ ation(5) gives the universal solutions of the degree dis-

ment is readily obtainedM(t)=2t+M(0). This shows S ) X .
that the total number of the links among the nodes of differ-tributions of the multicomponent network systems with arbi-

ent type is also independent of the connection rate kerneIgggggggﬁztreoligaﬁé ::gn?\fgr?ntﬁgrgflsli'czjir:(c?ég;gistzef

Except for the total number of nodes and the total number o he dearee distributions can %e di}ectl dgrived fch))m(Esm

links, the degree distributions as well as their higher mo- Sin(?e the two-component GN modgl contains the eﬁeric

ments may be crucially dependent on the connection kernel::étructure of the multigom onent network svstem wg limit
For a network model in which all the connection rates : o poner . y "

WO andvE™ | m=12 bli i our investigations of the explicit solutions of E) in the

(W™ andVy, ™, 1,m=1.2, ... L) are sublinear or linear y,,, comnonent situation. Consider a two-component net-

in k andk’, we can conclude, according to the comprehen

! ) ‘work with the general connection kerneWﬁl;z)zwlk,
sive results of Refl12], that the solutions of Ed1) take the (2:1)_ (1:2)
; : i WS =Wy, andV, .=V, Vy . Then Eq.(5) reduces to
following forms at large times:

Np(H)=nyt, 1=1,2, ... L, @) PaWov l_k[

Wov 1 ) ot
Ny=
Pov Wi+ qw,Voy j=1

<1+ Pov 1 Waj+qw,Vy;
wheren,, are independent of time In the context of this
text, ny is also called the degree distribution of nodes of type DWi0
A (1=12,...L). Otherwise, if at least one of the connec- n,, = 27172 I1
tion rate kernels is superlinear, the phenomenon that a single = P1v2Wak+ qW1Va |
dominant gel node is linked to almost all nodes of other (6)
types will also arise in our multicomponent GN model. This
is the so-called “winner takes all” phenomengh2]. Thus, ~Wherev; andv, are two constants satisfying the equations
all the connection rate kernels should be known in detaib; =2V, |=1,2. From Eq.(6) one can derive the ex-
before one can derive the analytical solutions of the degreglicit solutions of the degree distributions for two-component
distributions from Eq(1). In this work, we only focus on the GN systems.
multicomponent networks with linear or sublinear connec- We first consider a simple network system with the shifted
tion kernels. Such networks may exhibit the scale-free propkinear connection rate®/;,=k+X\;, Wy =k+X,, Vi, =k
erties of the degree distributions and are therefore expecteti A3, and V,,=k+\,4. Here the four parametens,, (m
to mimic some real-world systems. =1,2,3,4) are constants larger tharl so as to ensure that
Consider a model with linear or sublinear connection ker-all the corresponding connection rates are positive. The four
nels. Thus, the long-time degree distributions evolve accordparameters are also called additional attractive(sss, e.g.,
ing to the forms(2). Consequently, in the long-time limit, ~ Ref.[19]). In this network, one can easily find the relations
V1= 1+ pl)\g, Vo= 1+ pz)\4, Wq= 1+ p2)\2! and Wy = 1
L +p;1A1. By expanding Eq(6) we then obtain the exact so-
|21 Ek W MNG (1) = Wit lutions

k _
Wiv2 ) !

1+
( P12 Wo; +qwyVy,

1

_ T(k+by _ T(k+by)
M ket 1) T T (krap 1)’

)

L
> 2 VI INK(ONme (D] =vt?, m=1,2,... L,

| 1 Kk’

3 where

037101-2



BRIEF REPORTS PHYSICAL REVIEW B9, 037101 (2004

PoAq g\ P, q )—1 The second example is a random GN model. The connec-
a;=|1+ + tion probability of a new node attached to an old one and the
1+piN; 1+pgrg/\1+pgr 1+piA . - .
P1h Pads P11 P1As creation probability of a new link between two old nodes are
DI\ A D q -1 both independent of the already existing link number of the
a=| 1+ ——2 4 )( LR ) , target node. We then simply set all the connection rates equal
1+paAz 1+poha/ 14 p2hy  14Pohy to unit. So,w,=v,=p; andw;=uv,=p,. Equation(6) then
4 yields
P2N g ahs3 P2 q
P T, T THpong) | Topons T 15 ping) =p? k=1 =p5 k=1
P1Ng P1l3 P1Ng PiAs3 Ny=pP1(P2+ A"  Ny=pa(pr+a)* - (1D
b= p1A> g\ 4 Py q -1 The results show that in the two-component random network
27\ 1+ poh, + 1+p,hg) | 1+ PoNs + 1+p,Ng) system, the degree distributions take simple exponential
forms.
[(2+a,) Po(1+N1)  q(l+nrg)] ™t Finally, we investigate a network in which for either type

of nodes one of the two connection ratdg, and V,, (I
=1,2) is sublinear while another is linear. We assuig
and =k+ )\1, W2k: k+ )\2 , Vlk: kyl, andV2k: k72 (Og Y172

<1). From Eq.(6) we then obtain the exponential-correction
-1 power-law degree distributions

ERL TN Trp, | 1tphs

B F(2+az)
C2= P21 (15h,)

P1(1+X3)  a(l+Ay)
1+pohs, 1+pohg

Nu~K "1 exp(Cik™ 1), ny~k ™72 exp(Cok727 1),

SinceI' (k+b)/T"(k+a)~kP"~2 for largek, from Eq.(7) we (12
find the degree distributions in thie>1 region take the pure
power-law forms where v1=1+(1+p\1)/ps, v5=1+(1+py\,y)/p;, and
C, and C, are two integration constants. Singg—1<0
Ny~K™ ", ngy~k™ "2 (8 and vy,—1<0, the exponential correction terms
. expC k1Y) and expCk2™Y) will vanish ask— and,
with the exponents thus, the degree distributions asymptotically take the power-
1 law forms.
vi=1+ P2 + q ) , In summary, we have studied a general multicomponent
1+phy 1+pidg growing network model which combines two procesges:
. introducing a new node of one type and immediately con-
_ P1 q necting it to an already existing node of any other type, and
=1t 13 PN T pz)\4> © (ii) creating a new link between two old nodes of different

types. By means of the rate equations, we obtained the uni-
These indicate that the two-component network with lineawersal solutions of the degree distributions for the multicom-
preferential connection kernels is indeed scale-free. We nowonent GN model with arbitrary linear or sublinear connec-
compare our predictions with the measurements for the wetion rate kernels. We also analyzed in detail the connectivity
of human sexual contacts. The relevant exponents for thef the two-component GN systems. For a multicomponent
degree distributions are=2.54+0.2 for females andv  network with all the connection rates being shifted or asymp-
=2.31+0.2 for maleg4]. Equation(9) also shows that the totically linear, the degree distributions take the pure power-
exponentsy; and v, are both larger than 2; moreover, one law forms, while the random network with constant connec-
can choose the above-mentioned seven parameters so than rate kernels exhibits the exponential degree
the exponents given by E¢P) have the same values as thosedistributions. An interesting feature of this multicomponent
for the real-world web of human sexual contacts. On thenetwork model is that for the system in which some connec-
other hand, in another two-component network with asymp#ion rates are linear while the others sublinear, the degree
totically linear connection rate kernels, one can also tune thdistribution may have an exponential-correction power-law
exponentsy; and v,. As Krapivskyet al. did [12], we as- form and the exponential correction vanisheskase. On
sume thatV,,— a,.k andV,,—b,.k (I=1,2) ask—o while  the other hand, by choosing the parameters of the shifted or
the others are arbitrary. Expanding &) also yields the asymptotically linear kernels, we can construct a two-

power-law degree distribution®) with the exponents component GN model which may exhibit the power-law de-
gree distribution in accord with the measurements of the hu-

WU W12 man sexual contact weld]. Thus, this multicomponent GN
vi=1+ o V=14 : del i ted t id dictions for the struc-
PV 1810, + QWD P10 2850 + QW; Do, model is expected to provide some predictions for the struc

(10) tural properties of some real-world complex systems.
This project was supported by the National Natural Sci-
The results show that the asymptotically linear connectiorence Foundation of China under Grants Nos. 10305009 and
rate kernel may be another possible candidate for describing0275048 and by Zhejiang Provincial Natural Science Foun-
the structure of the sexual contact web. dation of China under Grant No. 102067.
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